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1. Introduction

The concept of a fuzzy set was discovered by Zadeh [14] and one of its
earliest branches, the theory of fuzzy topology, was developed by Chang [1] and
others. Recently, Zheng [15] and Wuyts [13] introduced the concept of a fuzzy
path. Using this concept, Salleh and Md Tap [12] constructed the fundamental
group of a fuzzy topological space. Gumus and Yildiz [5] formed an algebraic
fuzzy sheaf by means of the fuzzy topological group. Guner and Balci [6] gave
some characterizations concerned with the fuzzy sheaf of the fundamental groups.
The sheaves constructed over topological spaces, which are horizontally
topological and vertically algebraic structures, are very interesting spaces. The
fuzzy sheaf concept is introduced over fuzzy topological space.In this paper,the
fuzzy sheaf of fundamental groups over fuzzy topological spaces is shown a fuzzy
covering space. Furthermore, General Lifting Theorem and its some results are
adapted to the fuzzy sheaves [8].

Definition 1.1. Let F be a fuzzy setin X. The set

SuppF = F, ={xe X : F(x) >0}
is called the support of F ([2], [3], [11]).

Definition 1.2. Let F be a fuzzy set in a fuzzy topological space (X,7). If for

any two fuzzy points a, and b, in F, there is a fuzzy path from a, to b,
contained in F, then F is said to be fuzzy path connected in (X, 7).

If F =X in the above definition, we call (X,7) a fuzzy path connected
space ([9], [12])
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Definition 1.3. Let X and X be fuzzy topological spaces and p: X —>X bea
fuzzy continuous mapping. A fuzzy set U — X s said to be evenly fuzzy covered
by p if U is fuzzy connected and open fuzzy set, and each fuzzy component of

p~(U) is an open fuzzy set that is mapped fuzzy homeomorphically onto U by
’ A fuzzy covering mapping is a fuzzy continuous surjective mapping
p:)z > X such that X is fuzzy path connected and locally fuzzy path
connected, and every fuzzy point a, € X has an evenly fuzzy covered
neighborhood.

If p: X - X isa fuzzy covering mapping, we call X a fuzzy covering
space of X.
Definition 1.4. Let )Z, X and B be fuzzy topological spaces, p: X — X be a
fuzzy covering mapping and ¢ : B — X be any fuzzy continuous mapping. If the
mapping ¢ : B — X is fuzzy continuous such that po¢@ = ¢, then ¢ is called a
fuzzy lifting of ¢.
Definition 1.5. A bijective mapping f of fuzzy topological space (X,z,) onto
fuzzy topological space (Y,z,) is called a fuzzy homeomorphism if it is fuzzy

continuous and fuzzy open([7], [8], [10]).
Definition 1.6. A mapping f of fuzzy topological space (X,z,) into a fuzzy

topological space (Y,z,) is called a fuzzy sheaf if it is locally fuzzy
homeomorphism ([4], [5]).
Let X be a fuzzy path connected topological space and Hal be the

fundamental group of X based for any a, € X, that is H,, = m(X,a,) [12].
Let X =(X,X,) be a pointed fuzzy topological space for an arbitrary fuzzy fixed
point X, € X. Let us denote the disjoint union of all fundamental groups obtained

foreach a, e X by H, ie, H= \/ Hal. H is asetover X and the mapping

aleX
v . H — X defined by
w(o, )=y, ) =a,
for any O, = [oz(A)]ai € Haz c H is onto.

Now, let W < X be a open fuzzy set. Define a mapping S:W — H such
that

s(a,) =l (H)*a(A)*r(G)],,
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for each a, eW, where [oe(A)]Xp € pr is any element and [7(G)] is an
arbitrary fixed fuzzy homotopy class defines an isomorphism between Haa and

H, . Then the change of s depends on only the change of Oy, =[a(A)]Xp.

*p

Furthermore, oS =1,. Let us denote the totality of the mappings s defined on
W by T(W,H).

If B is a fuzzy base for X, then B* ={s(W):W €B, seI'W,H)} is
a fuzzy base for H. The mappings w and s are fuzzy continuous in this
topology. Moreover y is a locally fuzzy topological mapping. Then (H,w) isa
fuzzy sheaf over X. (H,y) or only H is called “ the fuzzy sheaf of the

fundamental groups” over X [6].
The group Haz =, (X,a,) is called the stalk of the fuzzy sheaf H for

any a, € X. For any open fuzzy set W — X, an element s of I'(W, H) is called
a fuzzy section of the fuzzy sheaf H over W. The set T'(W, H) is a group with

the pointwise operation of multiplication. Thus, H is fuzzy sheaf of groups over
X. Thatis, H is an algebraic fuzzy sheaf.
The fuzzy sheaf H satisfies the following properties:
1. Let W < X be an open fuzzy set. Then, a fuzzy section over W can
be extended to a global fuzzy section over X.
2. Any two stalks of H are isomorphic with each other.
3. Let W,,W, < X be any two open fuzzy sets, s, eI"(W,;, H) and

s, eT(W,, H). If s,(X,) =5s,(X,) forany fuzzy point X, €W, "W,, then
S, =S, over the whole W, "W,

4. Let W < X be an open fuzzy setand s,,s, e (W, H). If
S,(X,) = S,(X,) forany fuzzy point X, €W, then s, =s, over the whole W.

2. The Fuzzy Lifting Theorem on Fuzzy Covering Spaces

In this section, it is shown that the fuzzy sheaf H is a fuzzy covering
space of X.Later, it is given “ Fuzzy Lifting Theorem” for this fuzzy sheaf.We
can state the following theorem.

Theorem 2.1. Let H be the fuzzy sheaf of fundamental groups over (X,X_) and

W be an open fuzzy set in X. Then
H =T'(W,H).

Xp_

227



PROCEEDINGS OF 1AM, V.6, N.2, 2017

Proof. Let W < X be an open fuzzy set and seI'(W,H). Then there exists a
unique element Oy, = [Of(A)]xp c pr such that

s(a,) =y (H)*a(A)*r(G)],,

for every a, eW. That is, to each element of H there correspondence only

Xp !
one element in T"(W, H). Let us denote this correspondence by
®:H, ->T'W,H)
p
such that CD(O'XP) =s for any o, eH,. Let oy =l (A)], .
p p

afp = [, (A)],, and aip, afp determine the fuzzy sections s,,s, e T(W, H),
respectively. Then

5,(2,) =[r " (H)*4(A)*7(G)],,
and

5,(8,) =[r(H)*a, (A)*7(G)],,
for every a, eW. Then s,(a,) #5,(a,), if o*ip ;tafp. So @ is one to one. As

a result of definition of ®, @ isonto. Thus @ is a bijection.
® is a homomorphism. Because, if aip =[x (A,

o2 =[e(A)], , then
ol -o2 =la(A)], (Al
= [y (A)* ()], .

So, the element o, -0 eH, defines a fuzzy section s e (W, H) such that
p p p

s@,) =[r " (H)*(e(A) *,(A) *7(G)],
for every a, eW. On the other hand, for every a, eW,
si(a,)-si@) =0 (H) *a(A) *7(G)],, -7 "(H) * e, (A) ¥y (G)],,
=l (H) *(aa(A) ¥, (A)) * ¥ (G)],, -

Thus,
CD(O'ip 'Ufp) =5=5§"§,= CD(U}(p)‘(D(O_fp)-

Therefore, @ is an isomorphism.
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We can state as a result of Theorem 2.1 that the stalk H, completely
p

determines the group of fuzzy sections over W. In particular, if we take W = X,
then the stalk H, completely determines the group of global fuzzy sections over
p
X.
Now we can state the following corollary.

Corollary 2.1. Let H be the fuzzy sheaf of fundamental groups over fuzzy
topological space X. Let Haﬂ be the stalk over the fuzzy point a, € X and W

be an open fuzzy set. Then, Haﬂ =T'(W, H). Particularly, Haﬂ =I'(X,H).
According to this corollary, we can say that, if O, € H% is any element

and W is an open fuzzy set in X, then there is a unique fuzzy section
sel'(W,H) suchthat s(a,) = o, - Since

4 Is(W): s(W) —->Ww
is a fuzzy topological mapping and s = (1,// |SON)TI,

y (W) =\/|Si(\N), s,el’'(W,H)
and )
4 |si(\N): (W) —->W

is a fuzzy topological mapping. So, the open fuzzy set W is evenly fuzzy covered
by w. Thus v is a fuzzy covering mapping and (H,y) is a fuzzy covering space
of X.

Now, let b, € X be any fuzzy point and y(C) be a fuzzy path initial
point b,. Then the mapping

Soy:l —>H

is a fuzzy continuous mapping and wo(Soy)=y. If we write
(sey)b,)= P, € Hbﬂ, then soy is a fuzzy lifting of fuzzy path y(C) from

the initial point p, over b, in H. Write soy(C)=(scy)(C)=y"(C), then
"

7 (C) is unique, because the mapping | x,:S(X)—>X is a fuzzy

homeomorphism.
We can then state the following theorem.
Theorem 2.2. Let (H,y) be the fuzzy sheaf of fundamental groups over fuzzy

topological space X , bﬂ € X be any fuzzy point and »(C) be a fuzzy path with
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initial point b, in X. Then y(C) has a unique lifting 7 (C) with initial point
p, INH, , for p eH, .

u H H H

Now, we give the following theorem.
Theorem 2.3. Let (H,w) be the fuzzy sheaf of fundamental groups over fuzzy
topological space X and suppose that y, (C,) and y,(C,) are fuzzy paths with
common initial point p, and terminal point p. in H. Then »/(C,) and
y7 n

7,(C,) are fuzzy homotopic paths in H if and only if 10y, (C,) = (w < %,)(C,)
and woy,(C,) =(wey,)(C,) are fuzzy homotopic paths in X.

Proof. If y,(C,) is fuzzy homotopic to y,(C,) by a fuzzy homotopy G, then
w oG is a fuzzy homotopy between (w o )(C,) and (< y,)(C,).For a proof
of the other half of theorem, let b, and c, denote the common initial point and
common terminal point of (7, )(C,) and (¥ ,)(C,), respectively. Let

H:(l,£)xJ,&,)—>(X,7)

be a fuzzy homotopy between (o7, )(C,) and (i © y,)(C,).On the other hand,
if P, € Hbﬂ, then there is a unique fuzzy section seI'(X,H) such that

s(b,) = p, - S0,
(se(wer)XC) =7 (C)

(serorNC) =7 (Cy).
Furthermore, So H is a fuzzy homotopy between y, (C,) and 7,(C,).
Thus, (H,) is aregular fuzzy covering space of X.

Now, we can give “ Fuzzy Lifting Theorem” for the fuzzy sheaf H .
Theorem 2.4. Let X =(X,b,), Y = (Y,c#l) be fuzzy path connected topological

and

spaces, (H,y) be the fuzzy sheaf of fundamental groups over fuzzy pointed
topological space (X,b,) and P, ey/’l(bﬂ) be any fuzzy point. If
f :(Y,cﬂl)—>(X,by)

is any fuzzy continuous mapping, then f can be lifted to a unique fuzzy
continuous

f07,) > (H.p,)

such that o f = f°,
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Proof. Let f Z(Y,Cﬂl) —(X,b,) be a fuzzy continuous mapping. Then
f(cyl) =p, - If p, et//’l(by) is any fuzzy point, then there exists a unique
H u
fuzzy section s e I'(X, H) such that s(b,) = p, .Thus,
"

soti(Y,c,)>(H,p,)
is a fuzzy continuous mapping and
wo(sef)=".
So, so f is a fuzzy lifting of f to H. Let us denote so f by f". Since the
fuzzy section s is unique, f* is unique.

Finally, we can state the following theorem.
Theorem 2.5. Let X =(X,b,), Y = (Y,c#l) be fuzzy path connected topological

spaces, (H,y) be the fuzzy sheaf of fundamental groups over fuzzy pointed
topological space (X,b,) and Po, ez//‘l(by) be any fuzzy point and
f.97:(Y,c,) > (H,p, )
be any two fuzzy continuous mappings such that o f* =y o g". Then we have
f"=g"
Proof. This is a result of Theorem 2.4.

3. Conclusion

In this paper, the fuzzy sheaf of fundamental groups is constructed over fuzzy
path connected topological spaces . It is shown that this sheaf is a fuzzy covering
space . Also, it is given “ Fuzzy Lifting Theorem” for this sheaf .
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Pemenne HeueTkOM HOI{HHMalOHIeﬁCH l'[pOﬁ.]'IeM])I Ha HCYCTKUX
3aKPbIBAIOIIHUX MMPOCTPAHCTBAX
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IMaremarnueckuii GpakyasTeT, GaKyIbTeT HayK, Y HUBEpCUTET AHKaphl, AHKapa, Typrus
Maremaruueckuii hakynabTeT, GpakyibTeT HaykK, Keipreiscran-Typuus Y HUBEpCUTET
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PE3IOME

Ilycth nmeeTcst HEUETKUN MYy4OK, CBSI3aHHBIA C TOMOJOTHYECKUM MPOCTPAHCTBOM

W ABISIOMIMHCS HEYETKHM IIy4KOoM (yHAaMEHTadbHBIX TPYHI HaA HEYETKHIMH
TOIOJIOTMYECKMMM NpocTpaHCTBamMu. [loka3aHO, 4YTO 3TO HEYETKOE HaKphIBAlOIlEe
npocTpaHcTBo. Kpome Toro, [uisi HedeTkoro Imydka npuBoaurcsi «Teopema HedeTkoro
HOJHATUAY.

KnwueBnle ciaoBa: HeueTkuil myTh CBSI3aHHBI C TOMNOJOTMYECKMM IPOCTPAHCTBOM,
HEUeTKUH My4OK, HEUEeTKOE MPOCTPAHCTBO MOKPHITUS, HEUETKAs TEOPEMA O OJbEME.
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